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A convergence proof for the Schwinger variational method for
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Abstract. We show that with certain restrictions on the trial functions the Schwinger
variational method yields a convergent process for computing the scattering amplitude in
scattering from short-range potentials.

1. Introduction

Various forms of variational methods have been used extensively in computing scat-
tering data involving a variety of interactions (see eg Mott and Massey 1965). Most of
these methods reduce to either the Schwinger method (sv) or the Kohn method (Singh
1973). Recently we have rigorously studied both these methods when they are used to
compute the tangent of the phase shift for the case of partial wave scattering from a

potential zV(r) (Singh and Stauffer 1974a). The potential was assumed to satisfy the
following conditions:

drdr, < 0 (1)

fle(r)a dr < 2 f 2V nlizVir,)|

r—r,|?
and to be of definite sign so that, by absorbing the sign in the potential strength z, V(r)
can be taken to be positive. In the present paper we extend the treatment to the case
where sv is used to compute the scattering amplitude. We show that, with certain re-
strictions on the trial functions, sv yields a convergent process for determining the wave-
function and the scattering amplitude. These restrictions will be seen not only to assure
the convergence but also to reduce the computational labour.

2. Preliminary remarks

In potential scattering one is interested in solving the Lippmann-Schwinger equation

v = elk:-r—j—nfGi(r,rl)m)wi(rl)dn (22)

where

G.(rr,) = XP(EIKr=r1) (20)

|r—r|
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are the free particle Green functions with energy E = $k*and k, and k_ are the momenta
of the incident and the scattered particle respectively. We consider the case of ¢, (r)
The case of _(r) is treated similarly. The scattering amplitude T is given by:

T = -—az;fe'i""'V(r)WJr) dr. (3)

By multiplying (2., ) by ¥*(r)V(r), integrating and adding the resultant identity to (3)
we get an alternate expression, T, for T, namely

TWs) = —:—nU e TV L (r) dr + fn//t(r)wr) et dr

- J.d"w’ﬁ(r)V(r)(l/u(ernj Go(r eV (ry) d"x):' 4)

The advantage in dealing with T, instead of T, is that considered as a functional of .
it is stationary with respect to arbitrary and independent variations of i, about their
exact values (Mower 1955).

In sv one constructs T,(y'.) by replacing ¥, on the right-hand side of (4) by some
trial functions ¢!, containing arbitrary parameters. These parameters are then varied
to obtain the stationary value T, of T,(,) which is taken to be the approximate value of
T. Because of computational advantages, ', are often chosen to be linear combinations
of some ‘basis functions’. As we have shown previously (Singh and Stauffer 1974b) ¢/,
and Y. must contain the same number of terms and for best results be constructed
from the same basis functions ¥, ie

n

Ve = Y a4ty )

i=1
By setting the derivatives of T (y',) with respect to the a7 equal to zero one obtains the
following sets of algebraic equations:

Y f drlj/,?"(r)V(r)(!//j(r) f Galrr)V(r ) Ary) dry
i=1

= f{//;"(r)V(r)e"‘*"dr i=1,...,n 64)

With these restrictions on the trial functions, it is sufficient tq solve only the set given
by (6,) and T, is given by:

2 ek t
T, = ym f e V(eW®, (r) dr. (7)

It is pertinent to remark here that the original stationary expression T, for T given
by Schwinger (1947, Lectures on Nuclear Physics, unpublished) was

z fe ™ ="V (r)dr fYX(nV(r) e " dr
4 [dry*X (V)Y . (r)+(2/47) [ G (r, r )V (kW o (r)) dry ]

It can be shown that, with the forms of Y, given above, the stationary values of T,(y,)
and T(y'.) are identical. Hence in our terminology sv implies the solution of (6.)
followed by the evaluation of T, via (7). In the following section we show there are further
restrictions on {{;} to ensure the convergence of sv.

Ts(wx) = -

(8)
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3. Convergence of the Schwinger method

We denote by # the Hilbert space of square integrable functionsof . Let /= = V2§,
gt = Vi2ek=r and K* be the operators defined by:

(K*u)(r) = Z%J. VER)G o (r, 1)V 2 Ju(r ) dry 9

for each u in # With a V which satisfies the conditions given by (1), K* are Hilbert-
Schmidt operators and f =, g* are in # (see, eg Scadron et al 1964). Instead of (2, ) we
consider the transformed equations

(1+zK*)f= =g* (10)
T = T,(y ) is given by
4z 'T = =g If D =TI +2K7) "> fTIg">=<g"If7) (1])

where (ujv) = ju*(r)v(r) dr is the scalar product in
After this preparation we are in a position to prove the following theorem.

T heorem

If the ‘basis set’ {@,} = [V!2y,} is an orthonormal basis in # then: (i) sv yields a con-
vergent process to determine ¥ . and T (ii) the error in T, is of second order in the error
in gt .

We remark that for computational purposes it is sufficient that {¢,} be linearly
independent rather than strictly orthonormal.

Proof

(1) With the conditions of the theorem, (6, ) reduces to:
Z 17<¢1’(1+2K+)¢1> = <¢ilg+>9 l = 1#"'9"’ (12)
ji=1

It is straightforward to show that f,” = 7., & ¢, - f * in the norm of # (Mikhlin
1964). In brief. the argument is based on the fact that. since K* is compact.

K =PK'P,>K"*

where P, = Z'_, |¢,> (| and - denotes uniform convergence. Since (14+:zK*)™!
exists it follows that (1+zK, )™! also exists for each n greater than some N, and
(1+zK})™ ! - (1 +zK*)" ! (12)is equivalent to

(1+zK ) fs = P.g (13)

and since |P,g* —g™| — 0, it follows that | f; —f || » 0, where || ... | denotes the
norm in J#. It is now obvious that T, = —{(z/4m){g~|ff> - T.
(i) Following the same line of argument as in the proof of (i) one observes that

n

Y o (oi1+2K )y = <Pl i=1,...n (14)

1=1
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has a solution for sufficiently large n and that
fr= Y ad -1 (140)
i=1
From {11) we have that
4z T, = (f I+ 2K 7> =< frlg* > =<7 I f >
=4nz ' T+ +2K7)f " =g 71 f0 =™
+fn =TI +2K) [T =g" >+ fy =TI +2K")(f7 =), (15)
That is
[nz" NT, =T = Kfo =TI +2zK")(f =)
S +2K™ | fo = fIMSfT =7

Thus the errorin T, is O}l /7 —f I | f7 —f ¥l. Since f, is accurate to the same order
as f7 the error in T, is of second order in the errorin f.

In the following we prove the existence of a potential for which T, is the exact scatter-
ing amplitude.
Proposition

T, is the exact scattering amplitude corresponding to the potential zV, = zV/2p V1/2,
(Note that V, is a non-local potential while V is local.)

Proof
From (13) one has that
fI+2PVYG, VP, f} = Pg". (16)

The detailed meaning of (16) is as given by (9). Let Y, = G.VV2P f*. It is obvious
that Y = e™* " —zyf, is a scattering state function. Further i}, is a particular solution of

(Ho=EW, = VIR, f7= VIEf} = VI?Pg™ —zV'PRYI2), (17)
where H,, is the free particle Hamiltonian. That is
(Ho—E+zV,)y5 = 0. (18)

It follows from (18) that ¢ is the exact scattering state solution of the Schrédinger
equation with potential zV,. From the asymptotic behaviour of 5 it follows that T,
is the exact scattering amplitude corresponding to the potential zV,.

In spite of its simplicity the proposition has useful consequences. For example it is
now obvious that T, satisfies the optical theorem (see, eg, Prugovecki 1971). Hence the
approximate total cross section in sv can be determined from the knowledge of the imagi-
nary part of the approximate forward scattering amplitude.
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4. Discussion

To assure the convergence of sv in computing the scattering amplitude we require
(VY21 to be a basis set in # One such basis is obtained from the perturbation ex-
pansion of Y ¥, ie ¥, = (G, V) ~te*+r i=1,2,.... With this particular choice sv
becomes the method of moments. If one considers partial wave scattering and replaces
G, by its principal value, one can formulate sv for tan § where ¢ is the usual scattering
phase shift. In this case the method of moments reduces to the method of Padé approxi-
mants (Singh and Stauffer 1974a),

We have proved the convergence of the Kohn variational method for tan J (Singh
and Stauffer 1974a). However, since the symmetry of K plays an important role in
that case, we have been unable to extend it to the case of the scattering amplitude.
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